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W ; Abstract 

■ ^ I Stoimenow and Kidwell asked the following question: Let K he a non-trivial knot, 

C^ ■ and let W{K) be a Whitehead double of K. Let F{a, z) be the Kauffman polynomial 

and P{v, z) the skein polynomial. Is then always maxdeg^ Pw{k) ~ 1 = Zmaxdeg^ Fk"^ 

Here this question is rephrased in more general terms as a conjectured relation between 
tH- ■ the maximum ^-degrees of the Kauffman polynomial of an annular surface A on the 

!>• \ one hand, and the Rudolph polynomial on the other hand, the latter being defined as a 

certain Mobius transform of the skein polynomial of the boundary link dA. That relation 

is shown to hold for algebraic alternating links, thus simultaneously solving the conjecture 
\^ \ by Kidwell and Stoimenow and a related conjecture by Tripp for this class of links. Also, 

^P ' in spite of the heavyweight definition of the Rudolph polynomial {K} of a link K, the 

remarkably simple formula {(y\{L^M} = {L}{M} for link composition is established. 

This last result can be used to reduce the conjecture in question to the case of prime 

links. 
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•'^ ■ 1. Preliminaries. 

'j_j ■ We assume the reader is famihar with basic notions in knot theory as contained, e.g., 

5t ! in [3]. To fix the notation, we recall some notions on framed links and framed link 

polynomials that are, in part, not yet contained in [3]. 

1-1. Framed Links. 

Let A be an orientable annulus S*^ x / contained in an unknotted solid torus V in S^ 
such that A is parallel to the core of V , and let N{K) denote the tubular neighborhood of 
a knot _ftr in S^. Let h : V ^ N{K) be an orientation preserving homeomorphism taking 
the meridian disk of V to the meridian disk of N{K) and the core of V to K . The image 
h{A), a knotted annulus, is called the framed knot A{K, f) whose framing / e Z is the 
linking number of h{t) and K, with £ being the preferred longitude of V . The mapping h 
naturally induces an orientation on h{A) and its boundary dh{A). The notation A[K, f) 
is justified by the fact that, up to ambient isotopy, A{K, /) depends only on K and /. A 

t Most of the work was done while the author was at Institut fiir Informatik, Ludwig- 
Maximilians-Universitat Miinchen, Oettingenstrafie 67, D-80538 Miinchen, Germany. 
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change of orientation yields A{K,f) = A{-K,f) = ~A{K,f). The boundary dA{K,f) 
is an oriented 2-component Hnk, sometimes referred to as the f -twisted double of K. 

The above notions readily generalize to links L in S^ with fi components Ci , . . . C^ , by 
specifying corresponding homeomorphisms hi : Vi -^ N{Ci), with unknotted solid tori 
Vi as preimages. A framed link is an annular surface A{L, /) specified by a pair (i, /) as 
above, but now the framing / maps L to a vector in Z'^ specifying the framing for each 
component Ci . A sublink L' of L is obtained from L by erasing zero or more components 
from L; A framing / of L naturally induces a framing on the sublinks. As long as there 
is no risk of confusion, this framing will be also denoted by /. 

For a Hnk L, let Z? = D{L) be a diagram of L in R^. We call a crossing in D ho- 
mogeneous if it involves only one component, and heterogeneous in the other case. We 

say that the crossing /i has positive sign, and the crossing ^\ has negative sign. 

For a link diagram D{L), the writhe w{D) is the overall sum of the crossings in D, the 
total linking number t{L) is half the sum of signs of the heterogeneous crossings in D, 
and the self-writhe sw{D) is the sum of signs of the homogeneous crossings in D. The 
total linking number is invariant under ambient isotopy, and writhe and self-writhe are 
regular isotopy invariants. Each link diagram D = D{L) naturally induces a framing / 
onto the surface A{L, /). For a component C of L, we have /(C) = sw{D\c), where D\c 
is the diagram of C obtained by erasing all other components from D. The self- writhe is 
sometimes also called total framing |19j . 



1-2. Link polynomials. 

The skein polynomial P{v, z), defined first in [5l I18| is a Laurent polynomial in two 
variables v and z. It is an ambient isotopy invariant of oriented knots and links and is 
defined via link diagrams by the (skein) relation 



oc 



and agreeing that the polynomial is equal to '" ^~"" for the unknot, the latter being 
denoted by 5p as a shorthand. In addition, we let the polynomial be equal to 1 on the 
empty diagram. It is not hard to see that then taking the split union of link diagrams 
amounts to multiplying their skein polynomials, also if one of the diagrams is empty. 

Similarly, the framed Kauffman polynomial LK,f(a,x), defined in [8], is an ambient 
isotopy invariant for framed Hnks A{L, /) defined via the following relations, and the 
convention that the polynomial equals ° ^"^ — 1 for the unknotted annulus with framing 
and 1 for the empty diagram: 

> 

the mirror image of this kink can be resolved by multiplying with a~^. 

The above diagrams are to be interpreted as parts of band diagrams of an annular 
surface that appears untwisted, and are denoted by iir+, K_, K^o and Kq respectively. 
Similar to above, write 5l = ° J^"" — 1 for the polynomial of an unknotted annulus with 
framing 0. The framed Kauffman polynomial can be normalized to an unoriented link 
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invariant, by letting Uk = a^'^^^-^^ Lk, or to a semi-oriented link invariant, by letting 
Fk = a-^^^^LK [8J. 

Remark 1. Note ttiat the normalization used here differs from the convention in some 
standard works on link polynomials, where these polynomials equal 1 on a simple closed 
circle, resp. an unknotted annulus with framing 0, rather than on the empty diagram. 
The author deliberately sticks to this convention because many of the formulas appearing 
in this paper would become otherwise much more cumbersome. 

Yamada defined the following linear operator on polynomial invariants for framed 
links [22j : Let Rk be a polynomial invariant for framed links K under ambient isotopy, 
and let A be a scalar. Let \K\ denote the number of components of K. Then the invari- 
ant {Rk © A) is defined as X^if A'^'~'^ ^Rk' , where the summation index K' runs over 
all framed subHnks of K, including the empty link. 

Now the framed Rudolph polynomial {K, /} is defined as {K, /} = {PdA(Kj) © (^1))- 
Using [K, /] as a shorthand for the skein polynomial PgA(K f)-, this is the Mobius trans- 

\K'- 



form {K,f] = Ex'(-l)'^'"''^ '[^''/]' as originally defined in [19]. Note that for the 



special case of knots, we have {L, /} — [L, /] — 1. Write A{L, 0) if the framing for each 
annulus has the value 0, let [L] :— [L, 0] and {L} = {L, 0}. In |19l prop. 2(5)], it is noted 
that {L, /} = t;^'*™(^){i}, and {L} is an ambient isotopy invariant for the Hnk L, that 
is, independent of the framing /. 

1-3. Inequalities for Link Polynomials 

We briefiy recall two known inequalities for the skein polynomial and the Kauffman 
polynomial. Morton proved the following inequality: 

Theorem 1 (Morton's Inequality). Let K be a link. For any link diagram D of K, 
let c{D) denote the number of crossings and s{D) denote the number of Seifert circles 

and y\ with J ( . 

Then maxdeg^ Pk < c{D) ~ s{D). 

Kidwell proved an inequality relating properties of link diagrams to the maximum z- 
degree of a specialization of the (at that time yet undiscovered) Kauffman polynomial [9]; 
Thistlethwaite later showed that essentially the same proof applies to the more general 
Kauffman polynomial [20j: 

Theorem 2 (Kidwell's Inequality). Let K be a link. For any link diagram D of K, 
let c{D) denote the number of crossings and b{D) denote the maximal bridge length, 
i.e. the longest sequence of consecutive crossing overpasses in D. Then maxdegj,F/f < 
c{D) — b{D). Moreover, equality holds if D is a reduced alternating and prime diagram. 

2. Reformulations of Rudolph's Congruence Theorem. 

Rudolph stated a curious theorem [19] . which in part motivates the present study, 
relating the Kauffman and Rudolph polynomials with coefficients reduced modulo 2. We 
start this investigation by taking a closer look at his Congruence Theorem: 

Theorem 3 (Congruence Theorem). Let K be any link. Then 

Fk{v-\z^)^,v''^^^{K]. 
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We can reformulate the theorem in terms of the unoriented and the framed Kauflman 
polynomial, rendering the congruence more natural. In particular, the congruence can 
also be used to relate the framed versions of these invariants. We also present versions 
involving a Mobius transform of the Kauffman polynomial, and the polynomial [L,f], 
which unveil a certain symmetry in Rudolph's congruence. 

Proposition 4 (Unoriented, framed, Mobius transformed and Dubrovnik version). The 
following are equivalent reformulations of the congruence theorem: 
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where the sum in the second and the third congruence runs over all non-empty sublinks 
K' ofK. 

Proof. First, the signs in the ±1 terms in the congruences are immaterial since we 
work with coefHcients reduced modulo 2. For every framed link [K, /), we have w{K) — 
sw{K)+2t{K). Since ^^(a, x) = a-(^"'W-2t(A:))2,^ ^ a-^*^^^, we see that Fk{v-^,z^) 
v'^*'-^>Uk{v~'^,z^), so that we can rewrite the congruence theorem as in the first con- 
gruence. For the second, we have Fxiv"^, z^) = v'^^^^^v'^''"'^^') L(^Kf){v~'^ , z^). From |19[ 
Prop. 2(5)], we deduce {K, /} — v~'^''^'-^>{K}. Thus, the second congruence is also equiv- 
alent to the original one. For the third congruence, we use the fact that {[K,f] © 0) = 
{[K, /]©(-l)®l) = Y.K'{^'> /}' where the sum runs over all sublinks oi K '^ Prop. 1]; 
finally the fourth congruence is obtained by the Interchange Formula (see |11) ) 

L^K,Mv-^z') ^ (-l)-(^'/HI^'li?(^,,)(«-,-z^) 

for switching between the Kauffman and the Dubrovnik polynomial. D 

It can be readily seen that the congruence theorem would equally hold when using the 
variant {[K, f] © 1) instead of {K, /} — {[K, f] © (—1)). As we will see later, however, the 
current choice is rewarded by an eminently simple formula for the Rudolph polynomial 
of composite links. We note on the fourth version of the congruence that Yamada proved 
in |22| the remarkable one- variable equality 

[Lj]{t,t-2 ~ t--2) = (D^Kj) © m^^t-' - 1), 

The left-hand side of the above equation is the Jones polynomial of dA{K,f) from \7], 
normalized to value 1 at the empty diagram. 

3. Problem Statement and Preliminary Results 

Kidwell and Stoimenow posed the following question relating the x-degree of the Kauff- 
man polynomial of a knot and the z-degree of its Whitehead double ([10], see also [17]): 

Conjecture 5 (Kidwell, Stoimenow). Let K be a non-trivial knot, and let W{K) be 
a Whitehead double of K. Is then always maxdeg^ Pw{K) — 1 = 2 maxdeg^ F^ ? 

They note that their conjecture holds for all prime knots with up to 11 crossings, by 
exhaustive calculation. A related conjecture by Tripp states that the canonical genus 
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of a Whitehead double of every knot K coincides with the minimal crossing number of 
K |21) . As pointed out by Nakamura [14] , a possible approach to proving this for prime 
alternating links would be to establish maxdeg^ Pw{k) — 2n — 2. In this special case, this 
statement is equivalent to Conjecture [5l We will study here a variant of this conjecture 
that also applies to links: 

Conjecture 6. Let A{K,f) be a framed link. Then 

max deg^{K, f} — 2 max degj, Fk 

We show that under an apparently weak additional condition on the knots under 
consideration, the statement of Conjecture [6] implies the statement of Conjecture [H 

Lemma 7. Let A{K, /) be a framed knot for which maxdeg^, Fk > 0, and 
max deg^ {iiT, /} — 2max.deg^ Fk- Let Wk be a Whitehead double of K . Then Conjec- 
ture[^ holds for K . 

Proof. Let K he a knot with maxdeg^. Fk > for which Conjecture[6]holds. Then for 
every framing /, we have maxdeg^[i4r, /] > since {K, /} — [K, f] — 1. Let W{K) be the 
n-twisted Whitehead double of K. Applying a skein relation in the region of the clasp 
of the Whitehead double, we get Pw{K) = v'^Sp + vz[K,n], hence m&xdeg^ Pw{k) = 
1 + max deg^ [K, n] . D 

The above additional condition maxdeg^ Fk > appears to be very weak, since to 
the author's knowledge no example of a nontrivial knot with maxdeg^. Fk = is known. 
As a warm-up, it is easy to see that Conjecture [6] in particular holds for all unHnks: 

Lemma 8. Conjecture\^ holds for all trivial links. 

Proof. Assume / is the framing induced by a diagram D for the n-component trivial 
link O"- Then 

{O", /} = ^^''"'(■D) {O}" - „2''"'(^) (1 _ Spy 

by elementary properties of the Rudolph polynomial stated in [T9j. Thus maxdeg_^{0", /} = 
0. For the Kauffman polynomial, we similarly have Fq" = Sp, and so the maximal x- 
degree of F equals as well. D 

We briefly review some previous results related to the above conjectures. The following 
generalizes an observation made by Tripp in 



Proposition 9. Let K be a nontrivial n-crossing prime alternating link. Then for 
every framing f, the inequality Tniaxdeg^{K, f} < 2maxdeg^ Fk holds. 

Proof. Let D he a reduced alternating diagram of K with n crossings, and let D he 
the diagram obtained by replacing each arc in I? by a corresponding pair of antiparallel 
arcs. 

We apply Morton's inequality to D: The number of crossings c{D) equals in. For 
counting the number of Seifert circles, we follow an idea given in [21j : Regard D as a 4- 
regular planar graph with n vertices at the crossings, and, by Euler's polyhedral formula, 
with n + 2 faces. Then the number of Seifert circles s{D) arising from smoothing out the 
crossings equals 2n + 2: One for each face of the graph, and one for each four-crossing 
region in D that corresponds to a single crossing in D. Since the maximum z-degree is 
not altered by changing the framing, Morton's inequality gives maxdeg^[K, /] < 2n — 2 
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for every framing /. Applying the same procedure after deleting some link components 
from the diagram D and corresponding components from the diagram D' , we also get 
'ina:sideg^[K\ f] < 2n — 2 for every proper sublink K' oi K. Thus, maxdeg^jiiT} < 2n — 2. 
On the other hand, Theorem [2] implies that maxdeg^. Fk = n — 1, since 13 is a reduced 
prime alternating diagram. D 

Remark 2. A similar fact was claimed, but with an erroneous proof that is fixed here, 
in a draft of an earlier paper of the present author, see |6]. 

Recently, Nakamura proved that max deg^ [K, f] — 2n — 2 for every n-crossing rational 
link with framing /, generalizing a previous result by Tripp |14[ I21j . Since each of the 
proper sublinks of a 2-component rational link K is by itself a trivial knot or empty, we 
have in this case {K} = 1 — 2Sp + [K] and max deg^ [iC, /] = maxdeg^jiC} = 2n — 2. 
Together with Lemma [7] and Proposition [9l we obtain the following preliminary result: 

Proposition 10. Conjectures\MandMhold for all rational links. D 

In the following, we will generalize this result to a much larger class of links. 

4. Split Union and Composition of Links. 

In this section, we prove that the relation from Conjecture [6] is preserved under split 
union and composition, hence reducing the task to proving it for the case of prime links. 
The case of disjoint union is not hard to prove: 

Proposition 11. // Conjecture{di holds for two framed links Li, L2, it also holds for 
the disjoint union Li U L2. 

Proof. For the Kauffman polynomial, we have Fl^uL2 = F^^Fl^, see fs]; and similar 
for the framed Rudolph polynomial {Li U L2, /} = {-^1, /}{i2, /}, see ^19j . D 

Next, we examine the case of composite Hnks. Conjecture [5] suggests that the z-degree 
of [Li#L2, /] is additive for nontrivial knots Li,L2 — since for the Kauffman polynomial 
of composite Hnks, the relation Fli#l2 = ^fFliF^^ holds [8]. But if one of the factor 
links Li,L2 is the unknot Q), the additive behavior of maxdeg^ holds if and only if 
we choose the framing in a way such that [Q, /] has nonnegative degree. Despite these 
seeming complications, we can indeed derive a formula for [Li#L2, /] using Hnear skein 
theory. We need the following definition. 

Definition 12. For an appropriately oriented tangle P, its numerator closure, de- 
noted by P^ , and its denominator closure, denoted by P^ , are the links obtained by 
closing up the pending ends as shown in the left and middle diagram of Figure ^ The 
right part of Figure^ shows the link obtained as the total sum of two tangles P and Q, 
denoted by {P + Q)^ . 

Proposition 13. Let A{L,0) = KaJ^bJ be a composite framed link obtained by join- 
ing the component A of K with the component B of J . Then 

{51 l)[L] = 5l[K\A] • [J\S] + [K] ■ [J] -[K\A]- [J] [K] -[JXB] 
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Figure 1. Numerator closure, denominator closure and total sum 

Proof. Lickerish and Millet showed that the following formula holds for the skein poly- 
nomial of the total sum of two tangles Q and R, referred to as the numerator-denominator 
formula |12]. 

{6l - (5p)P(Q + fl)iV = 5p {PqnPrN + PquPro) - {PqnPrO + PqhPrn) , 

We can interpret dA{L,0) as the total sum of tangles Q and R, with dA{K,0) — Q^ , 
and dA{J,0) = R^ . Then we get 

Q^ = dA{K \ A, 0) U O, R'^ - dMJ \B,0) U Q- 

Applying the numerator-denominator formula to this total sum yields the result. D 

We have obtained a somewhat complex formula describing the polynomial [L] under 
link composition. Astonishingly, the Rudolph polynomial admits a rather simple and 
natural formula for link composition. 

Theorem 14 (The Composition Formula). Let L = K^J he a composite link with 
factors K and J . Then 

{0}{K#J} = {K}{J}. 

Proof. Assume the components A and B are joined to form the composite link L — 
Ka#bJ- Then we use C to denote the resulting joint component. We order the r — 2l^l~^ 
sublinks of L containing the joint component C, and denote them by Mi,M2 ■ ■ -Mr. 
Then, by definition of the Rudolph polynomial, 

{0}{L} = (4 - 1) \J2 ((-l)l^l"l'^^l [Mfe]) - {L \ C}\ . (4-1) 

Note that the term —{L\C} on the right hand side of Equation l|4-ip has negative sign 
since (-1)1^1 = -(-l)l^\^l. 

Each of the sublinks M^ is of the form K'j^^^I^bJ' for some sublinks K' C K and J' C J. 
Proposition fT3l allows to compute the skein polynomial of these links in terms of sublinks 
of i^ U J. In order to do so, we associate with each Mk the following four sublinks of 
KUJ: 

• the sublink Li^k = [K' \A)U (J' \ B), containing neither A nor B, 

• the sublink L2,k = K' U J' , containing both A and B, 

• the sublink L^^k = {K' \A)UJ', containing B but not A, and 

• the sublink ^4 fe = K' U (J' \ B), containing A but not B. 

Note that the above association partitions the set of sublinks oi K Li J into four sets 
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the sense that IJi^i (Ufe=i ^j.k) equals the set of all sublinks oi K U J. Thus, 

4 r 

{KUJ} = J2 E(-l)""'"^'""^^'''' [%fc]- (4-2) 

j=i k=i 

Fix a sublink Mk for the moment. By Proposition [13] and the fact that the skein poly- 
nomial is multiplicative under split union, we obtain: 

{Si - l)[Mk] = 5ULi,k] + [L2,k] - [L3,k] - [Uk]- (4-3) 

Observe that \Li^k\ and \L2,k\ both have parity different from \Mk\, while 1^3, fc| and \L4^k\ 
have the same parity as \Mk\. Thus, for instance (-l)l^l-lJ^^'.l = (_i)|i|+i-|ii.fcl. Hence, 
when multiplying both sides of the above equation with (— l)l^l^l*^fcl^ using analogous 
considerations, we obtain the following equation: 



+ (-l)l^l+'-|^"l[i2,fc] 






(4-4) 

3,fcJ 



^4,fcJ 

By adding the term ((5p — 1)(— l)'^'^'^^''''[ii,fc] to both sides of the equation, we get: 

4 

{Sj, - 1) ((-1)1^1-1*^^-1 [Mfe] + (-l)'^l-l^i''=l[ii,fc]) = 5](-l)'^l+'-l^-'=l[%fc] (4-5) 

3 = 1 

Now we treat k again as variable, and sum up left hand sides and right hand sides of 
Equation l|4-5p for A: = 1 up to r. By virtue of the equality |L| + 1 = \K\ + \J\, we can 
use Equation (|4-2p to simplify the resulting right-hand side, and get: 



(^P - 1) E ((-l)'"'~'''^'[A4]) + E ((-l)l^l-l"-l[ii..]) ]={KUJ} (4.6) 
\fe=i fe=i / 

A basic property of the Rudolph polynomial is {KUJ} = {K}{J} (see |19|1. so the right- 
hand side of Equation (|4-6p equals the right-hand side of the equation in the statement 
of the theorem. 

To simplify the left-hand-side of Equation l|4-6p . observe that the set { Li^k \ ^ ^ k < r} 
equals the set of sublinks of the link L\C. Obviously, |L| = |_L\C| + 1, hence 

r 

^(_l)|ihlii..l[ij,] = _{L\C}. (4-7) 

fc=i 

Therefore, the left hand side of Equation (|4-6p equals the right hand side of Equa- 
tion l|4-ip . This completes the proof of the theorem. D 



The composition formula reduces the problem of proving Conjecture [6] to the case of 
prime links. In particular, it allows us to drop the primality condition from Proposition[9l 



Corollary 15. If K is an alternating knot, then 

max deg^ {iiT} < 2 max deg^, Fk ■ D 
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With the aid of the composition formula, it is now also easy to verify that Conjecture[5] 
holds for infinitely many non-alternating knots, since that conjecture has been verified in 
particular for all prime (also non-alternating) knots of crossing number at most 11 }10j . 
We can of course construct infinitely many different composite knots whose prime factors 
are non-alternating and have at most 11 crossings each. In these cases. Lemma [7| is 
applicable, so this fact extends to Conjecture [6l 

We conclude this section with a further property of the Rudolph polynomial which can 
be derived from the composition formula: Note that the expression K^J is ambiguous 
in the case where at least one of /iT, J is a link — the ambiguity disappears only if we write 
Ka^^bJ instead. Thus, similar to the case of the skein polynomial [12j, we have 

Corollary 16. There exist infinitely many pairs of nonequivalent links with the same 
Rudolph polynomial. D 

5. Algebraic Alternating Links 

In this section, we apply the congruence theorem to identify a large class of alternating 
links for which Conjecture [6] holds true. This class in particular contains all algebraic 
alternating links. 

We need some additional notions first. The framed Kauffman polynomial Lxia, x) can 
be equivalently seen as a single- variable Laurent polynomial in x over Z[a='=^]. Then the 
coefficient of the maximal power in x is a polynomial in a, denoted by XK{a,)- (Here we 
use the framed version because below we make use of some results on that polynomial 
from [20j.) Let c{K) denote the minimal crossing number of K. Now the congruence 
theorem can be used to show that Conjecture [6] holds in the case where Xxia) does not 
vanish when reduced modulo 2: 

Theorem 17. Assume K is an alternating link with Xk{o) ^2 0. Then Conjecture\d[ 
holds for K . 

Proof. By virtue of Proposition [9l it suffices to show the inequality maxdeg^jA'} > 
2maxdegj. FR-(a::, z). Also, by virtue of Lemma [8] and the composition formula (The- 
orem [14]), we may assume K is nontrivial and prime. Write FK{a,x) mod 2 for the 
Kauffman polynomial with coefficients reduced modulo 2. Since Xxia) does not van- 
ish when reduced modulo 2, maxdeg^. ^^(a,^) mod 2 — maxdeg^ Fk {a, x). Moreover, 
Theorem [2] yields maxdeg^ L^^ (a,a;) = n — 1 for a nontrivial prime alternating framed 
link K with minimal crossing number n. By the congruence theorem, we can deduce 
maxdeg^jiT, /} > 2(n — 1), and since the maximum x-degree of the framed Kauffman 
polynomial is independent of the framing provided it is greater than 0, which is the case 
since n > 2, we have maxdeg^jii'} > 2(n — 1) = 2nmxdeg2. Fk{x, z). D 

The first alternating knots violating the condition Xxia) ^2 are the knots 816 and 
817. These are also among the first alternating knots which are not algebraic. Indeed, 
Thistlethwaite investigated the polynomial XK{a) for prime alternating links, and found 
the equality 

where n denotes the number of crossings in a reduced alternating diagram, and k denotes 
the chromatic invariant of a basic Conway polyhedron into which K can be inscribed. 
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see [U m I20j for precise definitions and more background information. There are prob- 
ably infinitely many basic Conway polyhedra with odd chromatic invariant, and each of 
them gives rise to an infinite family of alternating links for which the above theorem 
is applicable. In particular, algebraic alternating links can be inscribed into the basic 
Conway polyhedron 1*, for which n — 1 holds |20) . We thus obtain our second main 
result: 

Theorem 18. Conjecture\M holds for all algebraic alternating links. D 

Furthermore, the same fact holds for alternating links that can be inscribed into the basic 
Conway polyhedra 8*, 10**, and a few other small basic polyhedra which are known to 
have odd chromatic invariant, as computed in {20j. 

6. Conclusion 

To the author's knowledge, the relation between the skein polynomial and the 2- 
variable Kauffman polynomial is not yet understood very well. A notable exception is 
Rudolph's Congruence Theorem. The present paper contains a framed variant of this 
theorem, which relates the framed Kauffman polynomial of a knotted annulus A{K, /) 
and the skein polynomial of its boundary Hnk dA{K, /). 

Next, a new conjectured relation between the skein polynomial and the 2-variable 
Kauffman polynomial was presented, which generalizes, at least under a weak additional 
assumption, a recent conjecture by Kidwell and Stoimenow, and, in the case of prime 
alternating knots, a recent conjecture by Tripp. The present research report studied the 
the behavior of the Rudolph polynomial under basic operations on links. In particular, 
an unexpectedly natural formula for the Rudolph polynomial of composite links was 
found. We proved that the conjectured relation is preserved under split union and link 
composition, and estabHshed its truth for a large class of alternating links. This class 
properly contains the algebraic alternating links, and for this class the mentioned ad- 
ditional assumption is true, namely that the a;-degree of the Kauffman polynomial is 
greater than zero. Hence, the conjectures by Kidwell and Stoimenow and Tripp turn out 
to hold for algebraic alternating knots. A weaker result heading into the same direction 
is found in a recent preprint by Brittenham and Jensen, establishing the conjecture for 
alternating pretzel knots 0. That work, although appearing later than a preprint of the 
present paper, is apparently independent of the present work, since their proof is in part 
geometric, based on canonical Seifert surfaces. It would be interesting to see whether 
these approaches admit a joint generalization, in particular for proving the conjecture 
for a larger family of non-alternating links. Another interesting line of research concerns 
the relation of the framing variable v of the Kauffman polynomial and the Rudolph 
polynomial. Some results in this direction are found already in |15^ 116^ I19j . 
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